This paper presents a semi-nonparametric estimator for a series of generalized models that nest the Ordered Probit model and thereby relax the distributional assumptions in that model. It describes a new Stata command for the estimation of such models and presents an illustration of the approach.
Introduction
The analysis of ordered response data is increasingly common in a growing number of research areas. The standard Ordered Probit (Aitchison and Silvey, 1957) and Ordered Logit (McCullagh, 1980) models are commonly used, but require the researcher to make a specific distributional assumption. 1 This paper presents a semi-nonparametric estimator for a series of generalized models that nest the Ordered Probit model and relax the distributional assumption in that model.
A framework for ordered response models
As with many limited dependent variable models, it is useful to consider specification of a suitable model for ordered response data in terms of an underlying latent variable:
for i = 1, . . . , N, where x i is a vector of observations on a set of explanatory variables, β is a vector of unknown parameters and ε i is a random error term independently distributed with distribution function F . If y * i was observed for all observations, β could be consistently estimated by Ordinary Least Squares without a distributional assumption being required on ε. For the type of data considered in this paper y * i itself is not observed. Rather the observed dependent variable, y i , is discrete, taking one of the values {1, 2, . . . , J}, and is related to y * i as follows:
with the α j being additional parameters such that α 1 < α 2 < . . . < α J−1 . Thus the range of y * is partitioned into J mutually exclusive and exhaustive intervals and the variable y indicates the interval into which a particular observation falls. The dependent variable y is ordinal and the α j are treated as parameters to be estimated. The probability of a particular observed outcome, for 2 ≤ j ≤ J − 1, is given by
where F is the cumulative distribution function of ε i and is assumed to contain no additional unknown parameters, so that, for example, ε i has a known variance. This assumption fixes the scale of the measurement of y * , but not the origin. Identification can be achieved by assuming a zero intercept (i.e. that x i does not contain a constant term) or by fixing one of the α j . The former is used here.
The full set of probabilities of the possible outcomes are
Adopting the additional notation that α 0 = −∞ and α J = +∞, these can be written more compactly as
for all j. This defines a class of cumulative probability models in which a known transformation of the cumulative probabilities is taken to be a linear function of the x-variables and only the intercept in this function differs across the categories:
A natural estimator for this type of model is the Maximum Likelihood estimator. Define
Then the log-likelihood for the model is given by
This is maximized with respect to (β, α 1 , . . . , α J−1 ), i.e. M + J − 1 parameters, where M is the number of exogenous variables, remembering that β (and hence M) does not include an intercept.
By far the most commonly used models to date for the analysis of ordered responses have been the Ordered Probit and Ordered Logit models (which take F to be standard Normal and Logistic respectively). The Ordered Probit model, introduced by Aitchison and Silvey (1957) , assumes that ε i ∼ N(0, σ 2 ). Adopting the scale normalization σ = 1 and imposing a zero intercept for identification, the probabilities are given by
where Φ is the cumulative distribution function of a standard Normal and the loglikelihood by (6) with F replaced by Φ.
3 Semi-nonparametric estimation
The "semi-nonparametric" series estimator of an unknown density, proposed by Gallant and Nychka (1987) , approximates the density using a Hermite form. This approximation can be written as the product of a squared polynomial and a normal density. This gives a polynomial expansion with Gaussian leading term. In fact an expansion around any density with a moment-generating function could be used, but the normal is a natural choice in the current context, because the resulting model then nests the Ordered Probit.
To ensure that the density approximation is proper (i.e. that it integrates to 1, in addition to the non-negativity ensured by the square), the approximation is specified as
where φ(ε) is the standard normal density function and where
However, this general specification of the density is invariant to multiplication of the vector γ = (γ 0 , γ 1 , ..., γ K ) by a scalar and a normalization is required. The restriction γ 0 = 1 is a convenient choice.
The required distribution function is therefore specified as
This defines a family of "semi-nonparametric" (SNP) distributions for increasing values of K.
Providing the unknown density satisfies certain smoothness conditions, it can be approximated arbitrarily closely by this Hermite series by increasing the choice of K, the degree of the polynomial. The class of densities that can be approximated by this form is very general. Any form of skewness, kurtosis, etc. is permitted, but "violently oscillatory" density functions are ruled out. In addition to the smoothness restriction, there is an upper bound on the tails of the densities. (See Gallant and Nychka, 1987, page 369, for a fuller discussion of the class of densities.)
Under these and other "mild" regularity conditions, and providing K increases with the sample size, the model parameters are estimated consistently (Gallant and Nychka, 1987) by maximization of the pseudo-likelihood function got by replacing the unknown distribution function in (6) by that in (10).
A location normalization is also necessary for semi-parametric identification. That used by Gabler et al. (1993) in the binary response case to give the error term a zero mean is rather cumbersome. However, the restriction can be on either the error distribution or the systematic part of the model. Melenberg and van Soest (1996) use an alternative normalization, setting the constant term in their model equal to its probit estimate. This is far more convenient. The equivalent used here in the ordered response model context is to set the first threshold, α 1 , equal to its ordered probit estimate.
Note that in the K = 1 case, the imposition of E(ε) = 0 can be easily shown to imply γ 1 = 0, so that the model in this case reduces to the Ordered Probit model. The imposition of the equivalent restriction used here has the same implication. An important additional feature of the model in the general case is that the score for γ 2 is zero at the Ordered Probit estimates. (This is equivalent to the result for the binary probit case proved in Appendix B of Gabler et al., 1993.) This implies that the model for K = 2 is also equivalent to the Ordered Probit model (as well as those for K = 0 and K = 1). The model with K = 3 is therefore the first model in the series that is a generalization of the Ordered Probit model.
In practice, inference is conducted conditional on K, possibly for a range of alternative values of K, with the final specification of the model chosen by tests between them. Thus in reality the model is treated as parametric for a given K, with the choice of K part of the model selection procedure. As Pagan and Ullah (1999) point out, the orientation is non-parametric, but the modus operandi is parametric. This latter characteristic is appealing, because estimation can be conducted in a familiar Maximum Likelihood environment.
The SNP-ML approach can therefore be viewed as a series of polynomial densities and corresponding pseudo-likelihood functions, and standard model selection procedures used to reduce the dimension of the parameter vector and improve efficiency in finite samples. This can, for example, be on the basis of Wald or Likelihood-ratio tests on the γ-vector, or using information criteria, such as those of Akaike, Schwarz or Hannan and Quinn.
The polynomial form of (8) means that the cumulative probabilities given by (10), required for the pseudo-likelihood function, can be derived using the higher order truncated moments of a standard normal distribution. First, the SNP density can be written as
where
The scaling factor to give a proper density is then given by
where µ k is the k-th moment of a standard normal. Given that γ * 0 = γ 2 0 = 1 and that µ k = 0 for k odd, this can be written as
The cumulative probabilities in (10) required for the pseudo-likelihood function can be written as
This is a linear combination of the truncated moments of a standard normal:
Computation of the likelihood contributions for the Maximum Likelihood iterations can then be simplified by making use of the recursion
with I 0 (u) = Φ(u) and I 1 (u) = −φ(u). Each truncated moment can be written as a polynomial combination of the standard normal cumulative distribution and density functions. The formulation can be further simplified in the current context where each cumulative probability is a linear combination of truncated moments scaled by the corresponding combination of complete moments. It can be shown that the recursion need only involve the normal density function part of the expressions for these truncated moments. The cumulative probabilities in (10) can be written as
with θ given by the corresponding combination in equation (12). Using the recursion in equation (14), the truncated moments in this linear combination can be shown to also be given by
where the A k (u) are given by the recursion
with A 0 (u) = 0 and A 1 (u) = 1. Using this the cumulative probabilities in (10) required for the pseudo-likelihood function can be written as
The term in square brackets is a polynomial in u of order (2K −1). Thus the cumulative probabilities in the SNP framework have the standard normal cumulative distribution function as leading term and differ from this by the product of the standard normal density and this polynomial in u. The SNP estimator is then given by the maximization of the pseudo-likelihood function got by replacing the unknown distribution function in (6) by this final expression in (15). 
Example using Stata Reference Manual data
As an example of the use of the command and the output produced, this section uses the automobile data (http://www.stata-press.com/data/r8/fullauto.dta) used in Prob > chi2 = 0.0000 
-------------+----------------------------------------------------------------

------------------------------------------------------------------------------Likelihood ratio test of OP model against SNP extended model:
Chi2(3) statistic = 1.841588 (p-value = .6059271) ------------------------------------------------------------------------------ Estimated
------------------------------------------------------------------------------
The log-likelihood is improved very little relative to the ordered probit model and the likelihood-ratio test does not reject the ordered probit model: a χ 2 (3)-statistic of 1.84, giving a p-value of 0.61. This example is provided to illustrate the output produced by the program on the data and model used in [R] oprobit. It is, however, unlikely that we would be able to observe a significant difference between the fitted density and a standard normal on the basis of a sample as small as this.
Job satisfaction illustration
The use of the semi-nonparametric estimator is illustrated in more detail in this section on a model of self-declared job satisfaction, as specified by Clark and Oswald (1996) , and using data from the 1991 wave of the British Household Panel Survey. Working respondents provided job satisfaction scores ranging from 1 ("not satisfied at all") to 7 ("completely satisfied"). Clark and Oswald examine the hypothesis that job satisfaction depends on income relative to a "comparison" or reference level. Their main findings are that job satisfaction levels are positively related to own earnings and negatively related to "comparison" earnings. Other often-quoted features of their results are the higher job satisfaction levels of women and the U-shaped age profile.
Log-likelihood values and likelihood-ratio statistics for different values of K from 3 to 8 are given in Table 1 . The standard ordered probit (OP) model is rejected in all cases. The likelihood-ratio tests for K −1 against K reject the null, at conventional significance levels, for K ≤ 5, but accept it for K above 5, suggesting selection of the K = 5 model. This use of likelihood-ratio tests runs into the usual problem with sequential testing procedures, which could be addressed with successive revision of the significance level. This is a standard model selection problem. There are a number of alternative model selection criteria available (Greene, 2003) . The best known is probably the Akaike Information Criterion (AIC), equal to the log-likelihood minus the number of freely estimated parameters. However in some cases the AIC has been found to have a tendency towards the selection of models with too many parameters, even asymptotically. A commonly used alternative is the Schwarz Bayesian Criterion (SBC), based on a large sample approximation to the posterior odds ratio of the models. Under certain conditions the SBC selects the right model with probability 1 asymptotically (Amemiya, 1985) , but in some finite sample cases it has been found to have a tendency to underfit. A third possibility is the Hannan-Quinn Criterion (HQC), introduced in the context of autoregressive time-series models, but more generally applicable. It gives values between the AIC and SBC and is sometimes viewed as a useful compromise. For the models in Table 1 , the AIC and the HQC both choose K = 5, while the SBC, which penalizes extra parameters more heavily, selects K = 3. (For a sample of the size used here (3,895 observations) the SBC penalizes an extra parameter 4.13 on the log-likelihood scale, while the HQC and AIC penalize it 2.11 and 1 respectively.)
The estimated parameters (coefficients on main variables only) for the ordered probit model and for the extended model with K = 3 and K = 5 are given in Table 2 . 2 A number of other statistics are also given. Estimates of β cannot be compared directly across models without adjustment, because the fitted densities differ. The β coefficients are only identified after imposition of scale and origin restrictions (as is the case for the ordered probit model). Thus, even if considering effects on the latent dependent variable y * i , it is not appropriate to compare estimates of the β coefficients across the models directly.
However, there are a number of ways in which comparisons can be made, depending on the focus of the study. We might hypothesize that there is an underlying, but unobservable, continuous measure of job satisfaction (or utility or welfare depending on one's perspective) that is an unknown, but monotonic, function of the variable y * i in equation (1). In this case one would be interested in influences on this underlying variable and relations between them.
Consider two factors that influence job satisfaction (i.e. two elements of the vector x in equation (1)). We could plot "indifference curves" between them: combinations of the two factors that give the same level of job satisfaction. The specification in (1) means that they will be straight lines. The slopes of these (parallel) indifference curves between the two factors will be minus the ratio of their β-coefficients. Thus ratios of coefficients are of interest and are compared below.
Ratios of β-coefficients are also informative about the impacts of x-variables on the probabilities of observed outcomes (or cumulations thereof). The partial derivatives of the probabilities of y with respect to x, the "marginal effects", are proportional to β with the factor of proportionality being an evaluation of the density function (or a difference in densities). For example, from equation (3), the partial derivative of Pr[y i = J] with respect to x is β.f(α J−1 − x 0 i β). The "marginal effects" are therefore scaled versions of the β coefficients and the scaling factor is the same for each element of β. Hence a ratio of "marginal effects" is equal to the corresponding ratio of β-coefficients. Thus ratios of coefficients are of interest from this perspective also.
Two such ratios are illustrated in Table 3 . The first is minus the ratio of the two earnings coefficients. In the ordered probit model the ratio indicates that a 10% increase in comparison earnings would need to be compensated by a 21% increase in own earnings to give the same level of job satisfaction. This rises to 26% in the SNP model with K = 3 and 37% in the SNP model with K = 5. The standard errors on these ratios, calculated by the "delta method" (using the Stata nlcom command), are also given in Table 3 . They indicate that these ratios are not very precisely estimated and the differences in them between models, while appreciable, are small relative to the standard errors. The test of the hypothesis that the coefficients on the two earnings variables sum to zero, which would be the case if only relative earnings mattered, is rejected increasingly strongly (see Table 2 ). The χ 2 (1) Wald statistic rises from 7.4 in the ordered probit model to 9.3 when K = 3 is used and 15.8 when K = 5 is used. Another coefficient ratio of interest is that involving the two coefficients of the quadratic in age. The minimum of the job satisfaction age profile is minus half the ratio of coefficients. It is estimated to be at about age 28 on the basis of the ordered probit model, but rather earlier with both the SNP models: age 25 if K = 3 is used and age 23 if K = 5 is used. These seem like important differences. However, the standard errors given in Table 3 indicate that these ratios also are not very precisely determined. As a result the differences across the models in the estimated age at the minimum of the age-satisfaction profile are small relative to the standard errors.
Both SNP models exhibit positive skewness and both indicate greater kurtosis than in the standard normal (Table 2 ). Figure 1 gives a plot of the estimated density for the K = 5 model. Both the positive skew and the fatter tails than the normal are evident. The central mode of the estimated density is at 0.30. Its height there is 0.423, compared with 0.399 for the standard normal density at its mode. The estimated density also has secondary modes in both tails. The larger of the two is at ε = 2.82, with density f 5 (ε) = 0.061. There is also a smaller one at ε = -4.07, f 5 (ε) = 0.014.
6 Remarks on using sneop 1. The log-likelihood of this model is not globally concave. It is therefore good practice to check for convergence to the global maximum rather than a local one by running the algorithm from different starting points using the from option. A natural alternative to the OP starting values is the SNP model for K − 1.
2. The program can be used to obtain SNP estimates of a binary response model. The binary response needs to be recoded to take the values 1 and 2.
3. It should be emphasized that this is a large sample technique. Small samples are unlikely to be able to detect divergencies from normality. Consequently, results on small samples can be expected to differ little from the oprobit estimates.
4. The desirable properties of the estimator, as well as requiring a large sample, also depend on K increasing with N. Experience with the estimator suggests that selecting K on the basis of either the criteria described above or likelihood-ratio tests does in fact do this.
5. Using predict with the xb option after sneop creates a new variable containing x 0 i b β.
6. The program is much slower than oprobit, both because of the greater complexity of the likelihood function to be maximized and because it is written as an ado file. The time required depends on the order of the polynomial used (K), the number of observations (N) and the number of categories (J) (as well as the speed of the processor), but little affected by the number of explanatory variables. Experiments with the program indicate a tight relationship for the time per iteration, but only a rather loose one for the number of iterations required. As a guide, the combination N = 1000, K = 3, J = 7 requires about 10 seconds per iteration on a 1.2 GHz Pentium III processor. This increases or decreases roughly proportional to N and roughly proportional to the squares of K and J, although in all three cases there are slight economies of scale. The number of iterations required is far more variables, but seems roughly independent of N, J and the number of xvariables. As a rough rule of thumb, convergence tends to require approximately 5(K − 1) iterations.
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